A Note on Approximating Fixed Points of Nonexpansive Mappings by the Ishikawa Iteration Process  by Zeng, Lu-Chuan
Ž .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 226, 245]250 1998
ARTICLE NO. AY986053
NOTE
A Note on Approximating Fixed Points of
Nonexpansive Mappings by the Ishikawa
Iteration Process
Lu-Chuan Zeng
Department of Mathematics, Shanghai Normal Uni¤ersity, Shanghai 200234,
People’s Republic of China, and Institute of Mathematics, Shanghai Fudan Uni¤ersity,
Shanghai 200433, People’s Republic of China
Submitted by V. Lakshmikantham
Received September 16, 1994
Let X be a uniformly convex Banach space that satisfies Opial's condition or
whose norm is Frechet differentiable, let C be a bounded closed convex subset ofÂ
X, and let T : C “ C be a nonexpansive mapping. It is shown that for any initial
 4 Ž Ždata x g C, the Ishikawa iterates x , defined by x s t T s Tx q 1 y0 n nq1 n n n
. . Ž .s x q 1 y t x , n G 0, with the restrictions that lim s is less than 1, and forn n n n nn
 4‘  4‘ ‘ Ž .any subsequence n of n , Ý t 1 y t diverges, converge to a fixedk ks0 ns0 ks0 n nk k
Žpoint of T weakly. Thus, such a result complements Theorem 1 of Tan and Xu J.
Ž . .Math. Anal. Appl. 178 1993 , 301]308 and generalizes, to a certain extent,
Ž Ž . .Theorem 2 of Reich J. Math. Anal. Appl. 67 1979 , 274]276 . Q 1998 Academic
Press
1. INTRODUCTION AND PRELIMINARIES
Let X be a Banach space, C be a nonempty bounded closed convex
subset, and T : C “ C be a nonexpansive mapping, i.e.,
5 5 5 5Tx y Ty F x y y for all x , y in C.
It has been shown that if X is uniformly convex, then every nonexpansive
Ž w x.mapping T : C “ C has a fixed point see 1, 6 .
In this note, we consider and study the problem of approximating fixed
w xpoints of nonexpansive mappings by the Ishikawa iteration process 5 :
x s t T s Tx q 1 y s x q 1 y t x , n s 0, 1, 2, . . . , IŽ . Ž . Ž .Ž .nq1 n n n n n n n
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 4  4 w xfor any given initial data x g X, where t and s are sequences in 0, 10 n n
satisfying certain restrictions.
w xRecently, Tan and Xu 3 proved the following theorem.
w xTHEOREM 0 3, Theorem 1 . Let X be a uniformly con¤ex Banach space
that satisfies the Opial condition or whose norm is Frechet differentiable, C beÂ
a bounded closed con¤ex subset of X, and T : C “ C be a nonexpansi¤e
 4mapping. Then for any initial guess x in C, the Ishikawa iteration process x0 n
‘Ž . Ž .defined by I , with the restrictions that lim s is less than 1, Ý t 1 y tn ns0 n nn
‘ Ž .di¤erges, and Ý s 1 y t con¤erges, con¤erges weakly to a fixed pointns0 n n
of T.
In this note, it is shown that if X, C, and T are as in Theorem 0, then
 4 Ž .for any initial data x in C, the Ishikawa iterates x , defined by I , with0 n
‘ 4the restrictions that lim s is less than 1, and for any subsequence nn k ks0n
 4‘ ‘ Ž .of n Ý t 1 y t diverges, converge weakly to a fixed point of T.ns0 ks0 n nk k w xSuch a result complements Theorem 1 of Tan and Xu 3 and generalizes,
w xto a certain extent, Theorem 2 of Reich 8 .
Now we give some preliminaries. Let X be a Banach space. Recall that
w x  4X is said to satisfy Opial's condition 7 if, for each sequence x in X, then
condition x “ x weakly impliesn 0
5 5 5 5lim x y x - lim x y y for all y in X , y / x . 2.1Ž .n nn 0 n 0
Ž .It is known that 2.1 is equivalent to the analogous condition obtained by
replacing lim with lim . Also recall that X is said to have a FrechetÂnn
Ž .differentiable norm if for any x g S X , the unit sphere of X, the limit
5 5 5 5lim x q ty y x rt ,Ž .
t“0
Ž .exists and is attained uniformly in y g S X . In the case we have
1 2 1 2 1 25 5 ² : 5 5 5 5 ² : 5 5x q h , J x F x q h F x q h , J x q r h 2.2Ž . Ž . Ž . Ž .2 2 2
1 2Ž . 5 5for all bounded x, h in X where J x s › x is the Frechet derivativeÂ2
1 2 U5 5 ² :of the functional ? at x g X, ? ,? is the pairing between X and X ,2
Ž . w .and r ? is an increasing function defined on 0, ‘ such that
lim r t rt s 0.Ž .
tx0
Throughout this note, let C be a bounded closed convex subset of a
uniformly convex Banach space X, T : C “ C be a nonexpansive mapping,
 4 Ž . Ž .and x be the Ishikawa iterates defined by I . By F T we denote the setn
of fixed points of T.
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w x Ž . 5 54LEMMA 1 3 . For each f g F T , x y f is nonincreasing and then
5 5limit lim x y f exists.n n
‘ ‘ 4  4LEMMA 2. Assume lim s - 1. If n is a subsequence of nn k ks0 ns0n
‘ Ž . 5 5such that Ý t 1 y t s q‘, then lim Tx y x s 0.ks0 n n n nkk k k k
Ž .Proof. Set y s s Tx q 1 y s x . Thenn n n n n
x s t Ty q 1 y t x .Ž .nq1 n n n n
Ž . 5 5Let f be in F T . We may assume lim x y f / 0. Then, noting thatn n
5 5 5 5y y f F x y f ,n n
we obtain
5 5 5 5x y f s t Ty y f q 1 y t x y fŽ . Ž . Ž .nq1 n n n n
5 5 5 5 5 5F x y f 1 y 2 t 1 y t d Ty y x r x y f , 2.3Ž . Ž .Ž .n n n x n n n
where d is the modulus of convexity of X defined byx
5 5 5 5 5 5 5 5d « s inf 1 y x q y r2 : x F 1, y F 1, and x y y G « 4Ž . Ž .x
for 0 F « F 2. Put
5 5 5 5D s 1 y 2 t 1 y t d Ty y x r x y f for each n G 0.Ž . Ž .n n n x n n n
Ž .Then it is clear that 0 F D F 1 for each n G 0. From 2.3 , it follows thatn
for each k G 0,
5 5 5 5x y f F D x y fn n y1 n y1kq 1 kq1 kq1
5 5F D D ??? D D x y fn y1 n y2 n y1 n nkq 1 kq1 k k k
5 5F D x y fn nk k
5 5 5 5 5 5s x y f 1 y 2 t 1 y t d Ty y x r x y f .Ž . Ž .n n n x n n nk k k k k k
Ž .Now it is readily seen from 2.3 that
‘
5 5 5 5t 1 y t d Ty y x r x y f - q‘.Ž . Ž .Ý n n x n n nk k k k k
ks0
‘ Ž .But, since Ý t 1 y t diverges, we haveks0 n nk k
5 5 5 5lim d Ty y x r x y f s 0,Ž .x n n nk k k k
and thus
5 5lim Ty y x s 0, 2.4Ž .n nk k k
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5 5since d is strictly increasing and continuous and lim x y f ) 0. Itx n n
follows from lim s - 1 that lim s - 1 andn nn k k
5 5 5 5 5 5Tx y x F Tx y Ty q Ty y xn n n n n nk k k k k k
5 5 5 5F x y y q Ty y xn n n nk k k k
5 5 5 5s s Tx y x q Ty y x ,n n n n nk k k k k
that is,
1
5 5 5 5Tx y x F Ty y x .n n n nk k k k1 y snk
Ž .We have from 2.4 ,
5 5lim Tx y x s 0.n nk k k
w xLEMMA 3 3 . Suppose, in addition, that X has a Frechet differentiableÂ
Ž .norm. Then for e¤ery f , f in F T and 0 - t - 1, the limit1 2
5 5lim tx q 1 y t f y fŽ .n n 1 2
exists
Denote by G the set of all strictly increasing convex functions g :
q q Ž .R “ R with g 0 s 0. Let C ; X. Mapping T : C “ C is said to be of
Ž .type g iff
5 5V L L g cTx q 1 y c Ty y T cx q 1 y c yŽ . Ž .Ž .Ž .
ggG x , ygC 0FcF1
5 5 5 5F x y y y Tx y Ty .
w xIn 1991, Gornicki 4 gave the following lemma.Â
w xLEMMA 4 4, Lemma 3.1 . Let C be a bounded closed con¤ex subset of a
B-con¤ex Banach space X. Assume that S: C “ C is a nonexpansi¤e mapping
Ž . Ž .of type g . If y “ y weakly y , y g C, n s 1, 2, . . . , then there is an n
function g g G such that
5 5 5 5g y y Sy F lim inf y y Sy .Ž . n n
n“‘
Remark 1. If X is a uniformly convex Banach space, then each nonex-
Ž .pansive mapping T : C “ C is of type g , and g can be chosen to depend
Ž . w xonly on diam C and not on T 2 .
More suitable to our purpose is a variant of Lemma 4 for nonexpansive
mappings in a uniformly convex Banach space.
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COROLLARY 5. Let C be a bounded closed con¤ex subset of a uniformly
con¤ex Banach space X. Suppose that S: C “ C is a nonexpansi¤e mapping.
Ž .If y “ y weakly y , y g C, n s 1, 2, . . . , then there exists a strictly increas-n n
q q Ž .ing con¤ex function g : R “ R with g 0 s 0 such that
5 5 5 5g y y Sy F lim inf y y Sy .Ž . n n
n“‘
We remind the reader of the following fact:
g : Rq“ Rq, g 0 s 0, g strictly increasing convexŽ .Ž .
« g is continuous .Ž .
2. MAIN RESULTS
THEOREM 1. Let X be a uniformly con¤ex Banach space that satisfies the
Opial condition or whose norm is Frechet differentiable, C be a boundedÂ
closed con¤ex subset of X, and T : C “ C be a nonexpansi¤e mapping. Then
 4 Ž .for any initial guess x in C, the Ishikawa iteration process x , defined by I ,0 n
‘ 4with the restrictions that lim s is less than 1 and for any subsequence nn k ks0n
 4‘ ‘ Ž .of n ,Ý t 1 y t di¤erges, con¤erges weakly to a fixed point of T.ns0 ks0 n nk k
Ž .Proof. By v x we denote the set of all weak subsequential limits ofw n
 4  4x , i.e., the weak v-lim set of the sequence x ,n n
v x s u g X : u s weak-lim x for some n ›‘ . 4Ž .w n k “‘ n kk
Ž . Ž .At first, we assert that v x ; F T . Indeed, let x “ x weakly asw n nk
‘ Ž .k “ q‘. By the assumption, Ý t 1 y t diverges. By Lemma 2, weks0 n nk k
5 5imply lim x y Tx s 0. Furthermore by Corollary 5, there is a strictlyn nk k k q q Ž .increasing continuous convex function g : R “ R with g 0 s 0 such
that
5 5 5 5g x y Tx F lim x y Tx s 0.Ž . n nk k k
Ž .It is easily seen that x s Tx, which implies x g F T . The remainder of
w xthe proof is seen to be similar to that of Theorem 1 in Tan and Xu 3 by
Ž . Ž .using the inequalities 2.1 and 2.3 , and Lemmas 1 and 3. We omit it.
Remark 2. Theorem 1 becomes a special case of Theorem 2 of Reich
w x8 , which corresponds to the choice s s 0 for all n G 0.n
Next, we give strong convergence theorems of the Ishikawa iteration
scheme.
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THEOREM 2. Suppose that X is a uniformly con¤ex Banach space and T ,
 4C, and x are as in Theorem 1. Suppose also that the range of C under T isn
 4contained in a compact subset of X. Then the Ishikawa iterates x con¤ergen
strongly to a fixed point of T.
A mapping T : C “ C is said to satisfy Condition A if there is a
q q Ž . Ž .nondecreasing function f : R “ R with f 0 s 0 and f r ) 0 for all
5 5 Ž Ž Ž ..r ) 0, such that x y Tx G f d x, F T for all x g C, where
5 5d x , F T s inf x y z .Ž .Ž . z g F ŽT .
THEOREM 3. Let X be a uniformly con¤ex Banach space, and let T , C be
as in Theorem 1. If T satisfies Condition A, then for any initial guess x g C,0
 4 Ž .the Ishikawa iteration process x , defined by I , with the restrictions thatn
‘ Ž .lim s is less than 1 and Ý t 1 y t di¤erges, con¤erges strongly to an ns0 n nn
fixed point of T.
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